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Abstract

A technique for computing the scattered pattern of a complex subreflector/
illumination pattern combination is presented. Computed results are compared
with both boundary value solutions and experimental data, and there is excellent
agreement in both cases. Present and future applications of computed scattered
patterns are also discussed.
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Digital Computer Analysis and Design of a
Subreflector of Complex Shape

I. Introduction

The optimization of antenna feed systems has become
increasingly important with the advent of very large (and
therefore very expensive) low-noise microwave antenna
systems. Optimization problems are complex in Casse-
grainian or two-reflector antennas, since diffraction effects
occur at both the primary paraboloidal reflector and the
secondary subreflector. An example of the complex inter-
dependence of design parameters in a Cassegrainian sys-
tem is the relationship between the edge illuminations of
the subreflector and the main reflector. This relationship
has important effects on antenna efficiency, noise tem-
perature, and side-lobe performance.

For the purpose of developing design criteria for a
two-reflector antenna system, a theoretical analysis of the
scattering from a truncated surface of revolution has
been carried out. This analysis is based on the vector
Kirchhoff theory of physical optics. The resulting inte-
gral expressions are considerably simplified because axial
symmetry obtains, and the azimuthal integrals reduce to
Bessel functions. However, the remaining integrals are
sufficiently complex to require numerical evaluation on a
large digital computer.

A similar technique has been applied to the scattering
of an axially symmetric wave from a hyperboloid (Ref. 1).

JPL TECHNICAL REPORT 32-1190

In the present report, the problem has been generalized to
an arbitrary surface of revolution illuminated by an arbi-
trary wave. Although the shape of the reflector should
be consistent with the conditions imposed by the approxi-
mations, there are instances where these conditions may
be violated and still yield calculated results in good
agreement with experimental data. In fact, confidence
in the entire analysis is reinforced by consistently good
agreement with experimental results, some of which are
presented here. The analysis, thus confirmed, can then
be utilized in various applications and design procedures.

Il. Formulation of the Field Integrals

In terms of the geometry of Fig. 1, the incident electric
field Epr of the wave emerging from the primary feed
horn at 0 may be described by

e-ikp
Epr=

{E [an(0")sinm ¢" + by (6') cos m¢’] a,-

+ X [em (07) sinme” + dp (67) cos me’] aq,,}
) o

where the functions @, by, Cm, and d,, are, in general,
complex. Equation (1) is a completely general expression
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Fig. 1. System geometry

for any realizable far-field feed pattern. A simple example
of the preceding general expression is the field of a
linearly polarized feed horn:

- kP

€
Epr =

. {a.(¢")sin ¢" a,- + d, (6’) cos ¢’ ap-} (2)

In Eq. (2), a,(9") represents the E-plane (yz-plane) pat-
tern and d, (9") represents the H-plane (xz-plane) pattern.
For reasons of continuity, it is necessary that a, (180
deg) = —d, (180 deg).

The magnetic field of the primary feed horn can be
simply derived in the far zone to be

H. = A ’—,-; (ap X Epp) (3)

It will be assumed that the axially symmetric subre-
flector can be described by the general polar equation

ko)g(0)=—1 0, =¢=x (4

where k = o\ poeo = 2n/A. The function g(6’) is illus-

trated below for several specific conic functions of revo-
lution:

Sphere of radius a, centered at 0:

@)=~ ®

Paraboloid of focal length f with focus at 0:

g(0) =20 ©®)

Hyperboloid or ellipsoid of eccentricity e, semifocal
distance ¢, and one focus at 0:

(1 + ecos ')

g(0) =—— 20 (M)
kec ( 1- —2-)
e
Disc coaxial with the z-axis located at z = —d:
cos §’
g(0’) =—7 8
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The vector Kirchhoff integral theory of physical optics
(current-distribution method) may then be used to deter-
minie the field scattered from the subreflector. To approxi-
mate the surface currents it is assumed that local reflec-
tion occurs optically, thus requiring the wavelength of
the incident field to be much smaller than the character-

istic dimensions and radii of curvature of the subreflector.
The radius of curvature of the incident spherical wave-
front is also required to be much larger than a wave-
length. The resulting analytical expressions, which are
considerably simplified as a result of the axial symmetry
of the primary feed fields and the subreflector, are

E, = e‘g"‘{z [fn (6) sinme + g, (0) cosme] as + 3 [ (9) sin meg + Ky, (6) cos m¢]a¢} 9)

where

fm (6) = (‘ *é‘) (f)"lfﬂd—eig-_{;,s)i]—gi’{am (9')[005 6 g (6") sin6” — g (8”) cos 0" [Jm-1 (B} — Jms1 (B)]

0

—2j [g(8")cos @’ + g(¢") sin6’]sinf ] (,8)] + dun (0") [ —2(0")] cos 0 [Jm-1(B) + Jnsr(B)] } (10)

7 df’ e-i® sin §’

Em (6) = <_~ ';") (i)m o 'W{ b,, (0’) [COS g [g' (0’) sint’ — g (0’) cos 6] []m—l (ﬂ) = Jms (B)]

— 2j[g (¢) cos 6’ + g(¢") sin 8] sin 6 Jn (B)]+ cm (6) & (8") €08 6 [Jin-1 (B) + Jrnan (B)]} an
hy, (0) = (%) ()" ﬂ W {bw(8") [g' (0") sin ¢’ — g(6") c0s '] [Jmns (B) + Jmsn (B)]

+ cu (6) 8 (8) Un1(B) — Ima (B)]} (12)

Q

1\, [ die?sing’ , N , ,
kn(9) = (”5) (7) /9 _‘W{am (¢’) [g’ (07) sin 6" — g (8") cos 0] [Jun-1 (B) + Tmir (B)]

— dn(0) g(0") lUm1(B) — Ima (B)1} (13)

where

_ cos@® cosf —1

T T (e (14)
e
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Equations (9)-(13) have been programmed for numeri-
cal integration on a large digital computer. The major
restriction imposed by the computer evaluation is the
allowable machine time, which is a function of the num-
ber of field points and the size of the subreflector in
wavelengths. For typical subreflectors of the order of
10-50 wavelengths in diameter, IBM 7094 machine time
necessary to compute E- and H-plane patterns is gen-
erally between 10 and 30 min. A description of the com-
puter program input/output is given in Ref. 2. The
program limits the calculation to a maximum of m =4
in Eq. (9). However, in many cases of interest, the m =1
case alone is sufficient.

. Applications

A. Feed System Design and Optimization

Since computed patterns may be generated relatively
fast and inexpensively, many different feed pattern/sub-
reflector combinations for Cassegrainian antennas may be
evaluated. For example, in a recent application (Ref. 3),
the beamwidth of a primary feed pattern was varied, and
the resulting scattered patterns from a given subreflector
were evaluated for illumination efficiency and spillover
contributions to antenna noise temperature. Similarly,
subreflector geometry may be varied parameter by pa-
rameter (e.g., edge angle, eccentricity, etc.) to determine
optimum designs. This is particularly useful for subre-
flectors that are not purely hyperboloidal (for example,
those with a conical flange, Ref. 4), since there are many
variable parameters in this type of design. The value of
existing or potential shaped-beam feeds for Cassegrainian
systems (Ref. 5) is also readily determined.

Computed patterns have also been used to evaluate
vertex plate designs. Typically, vertex plates not only
produce a null on axis, but also perturb the entire scat-
tered pattern (particularly for very low VSWR designs).
The computed fields can be easily evaluated for decrease
in returned power and for change in illumination effi-
ciency. Theoretically, small vertex plates with sharp edges
violate some of the assumptions made earlier, and the
validity of the computed patterns is somewhat question-
able in this application. However, there are indications
(some of which will be presented later in this report)
that the computations are better than one would expect.
Unfortunately, the experimental verification of this appli-
cation is very difficult. Measured patterns are perturbed
by primary feed blockage (see Sec. IV), and measured
returned power also includes horn mismatches and, in
some cases, scattering from subreflector support struc-

4

tures. The single attempt to experimentally verify a com-
puted design was inconclusive because of these effects,
but the combination of computation and experimentation
led to an excellent design (which differed only slightly
from the computed design) as an end result.* At the very
least, the computed data sharply reduced the number of
possible designs and shortened the experimental effort
considerably.

B. Evaluation of Special Reflector Shapes

There has been substantial recent activity in the syn-
thesis of Cassegrainian antennas with special reflector
shapes to provide very high antenna efficiency (Refs. 6-8).

In the case of Potter’s technique (Ref. 6), the synthe-
sized subreflector is infinite, and patterns computed by
the techniques of the present report may be used to
evaluate the effect of truncation (see Sec. IV). Also, the
feed pattern synthesized by this technique is complex
in shape and the effect of using a somewhat different,
but realizable, feed pattern may be determined.

The synthesis technique developed by Galindo (Ref. 7)
is based on geometrical optics, and computed patterns
may be used to evaluate the effect of diffraction. The
fields scattered from the subreflector may in turn be used
as input illumination to determine the pattern of the
main reflector, resulting in an overall evaluation of the
system for a given configuration and wavelength. This
latter application is the subject of a current investigation
at the Jet Propulsion Laboratory (JPL), with only pre-
liminary results available at this time (Ref. 9). Figure 2,
for example, shows computed scattered fields from such
a subreflector with a diameter of 40 wavelengths. Even
for a subreflector of this size, diffraction effects are im-
portant and must be considered in a design based on
this technique.

C. Gain and Noise Temperature Predictions

Computed patterns are useful not only for optimizing
feed system designs; in addition, the gain and antenna
noise temperature predictions for final designs based on
computed patterns have proved quite accurate. In one
case, a 30-ft-diameter antenna, operating at S-band, used
a subreflector with a large vertex plate that severely dis-
torted the illumination pattern. Predicted gain, includ-
ing the loss due to aperture blockage, was 42.6 dB (45%
efficiency). Measured gain was 42.2:+0.5 dB.* In a recent
application, the gain of the NASA/JPL, 210-ft-diameter

'Hartop, R., private communication, 1966.
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antenna, operating at -S-band, was predicted to be
61.90 + 0.19 — 0.17 dB (65.3% efficiency), including loss
due to aperture blockage and surface tolerance (Ref. 10).
Measured gain was 61.9 0.7 dB (Ref. 11). Predicted
antenna noise temperatures for this case also agreed very
well with measured values (Ref. 11).

IV. Experimental and Theoretical Verification
of Computed Results

A. Comparison With Boundary Value Solution

The antenna synthesis technique developed by Potter
(Ref. 8) includes an iterative boundary value solution of
a feed pattern and reflector required to produce a specific
far-field pattern. The reflector is infinite, but the illumi-
nation drops off rapidly outside a finite angular region.
One would expect that truncating the reflector at a point
where the illumination is very low would have very little
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Fig. 3. Subreflector synthesized by Potter's technique

effect on the resulting scattered pattern. Although the
reflector generally follows the shape of a hyperboloid,
in detail the shape is complex, as shown in Fig. 3. The
feed pattern is also complex in shape, as shown in Fig. 4,
and the combination provides a rigorous test for a
numerical scattering program. A comparison of computed
patterns and the boundary value solutions has been pub-
lished previously (Ref. 12). Recently, more detailed data
have been obtained. Figure 5 illustrates two such cases,
where scattering was computed for a pattern/reflector
combination synthesized by Potter’s method. The second
case corresponds to the system illustrated in Figs. 3 and
4; the first case represents a similar configuration, but
without a vertex plate type area in the center. There is
excellent agreement between the pattern expected from
the boundary value solution and the numerically com-
puted pattern. The minor discrepancies are almost cer-
tainly due to the effects of truncation. (As the subreflector
is extended, the agreement definitely improves.) The sec-
ond case shown in Fig. 5, where a hole has been synthe-
sized in the center of the pattern, provides the strongest
evidence that the computed patterns are valid for sub-
reflectors with vertex plates. The agreement in the phase
patterns is also remarkably good in this case.

Although both solutions presented in these figures are
basically theoretical, they are almost totally independent
in technique, and the excellent agreement provides strong
confidence in both methods.

B. Comparison With Experimental Pattern

Experimental patterns have been compared with com-
puted patterns for subreflector diameters of 7.8, 19.5,
and 28.4 wavelengths in a previous report (Ref. 1). Agree-
ment was good in all cases, even though the feed pattern
was approximated by a circularly symmetric composite
pattern with uniform phase. More recent experimental
and computed data have been obtained for a subreflector
of 51.3 wavelengths in diameter, consisting of a hyper-
boloid with a conical flange extension, as shown in Fig. 6.
The experimental feed-horn pattern is shown in Fig. 7.
In this case, detailed E- and H-plane amplitude and
phase information (not circularly symmetric) was the
input to the computer program.

Figure 8 illustrates the geometry for the experimental
pattern measurement; the operating frequency was
16 GHz, and a serrodyne system was used for amplitude
and phase measurements. Experimental and computed
E-plane amplitude and phase patterns are shown in

JPL TECHNICAL REPORT 32-1190
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Fig. 9; the H-plane patterns are very similar in both
cases. The discrepancy on axis (0 deg) is due to blockage
by the feed horn, and the disagreement in the spillover
region (140180 deg) is due to the parallax inherent in
the short antenna range shown in Fig. 8. This is due to
the fact that the computed results correspond to an in-
finite antenna range, where the angle and distance from
an observation point to the subreflector focus and pri-
mary feed focus are virtually equal. For a finite range
this is not true. In Fig. 8 the center of rotation is about
the subreflector focus, and the indicated angle is correct
for fields diverging from this point; the indicated angle
is not correct for fields diverging from the feed focus.
Unfortunately the range distance for this case is not.
known exactly, but scaling from Fig. 8 and applying a
geometrical correction for angle and distance (which
affects “space loss”), we find that the experimental pat-
tern agrees well (within 1.7 dB and 3 deg of angle) with
the computed pattern, in the spillover region.

The reason for the disagreement on the steep portion
of the pattern (62-68 deg) is not completely clear. A
parallax effect similar to that discussed above may be
partially responsible. Also, there is a significant amplitude
and phase taper across the aperture of the probe antenna
(considering it as a receiving horn), and although an

JPL TECHNICAL REPORT 32-1190

analysis indicates that this taper would introduce only
a small error, it is a contributing factor. It is also con-
ceivable that a primary feed-horn side lobe below —40 dB
(feed-horn fields below —40 dB were neglected in the
computer’s pattern) is causing destructive interference
in this region; the behavior of the first side lobe in the
experimental scattered pattern supports this possibility
to some extent. The scattered fields in this region are
particularly dependent on the behavior at the edge of
the subreflector, and one would expect some error in the
computed pattern, because of edge effects; this appears
to be the most likely explanation for the major portion
of the discrepancy.

The remaining minor differences in other portions of
the pattern could be partially caused by (1) errors in the
computed patterns, due to inexact input data, finite inte-
gration step size, or the second-order effects of reflector
curvature, or (2) other experimental problems such as
ground reflections, boresight errors, and detector non-
linearities.

In any case, we are in the fortunate position of worry-
ing about relatively minor discrepancies, since the over-
all agreement is excellent. The good agreement between
experimental and computed phase patterns is particularly

_satisfying, since phase variations are typically more diffi-

cult to compute accurately and are also much more dif-
ficult than amplitude patterns to measure experimentally.

Originally the primary value of computed patterns was
thought to be a quick and easy method for approximately
evaluating many feed system configurations, which would
be a difficult and time-consuming task experimentally.
However, the agreement obtained between calculated
and experimental patterns stimulated a careful analysis
of experimental errors, and it became clear that in many
ways the computed patterns are more accurate. In cur-
rent practice, the computed patterns are used for final
predictions of feed system performance. Actually the
difference in performance predictions is very small
either way, and perhaps the major reason for using com-
puted results is the convenience of using computer data

" versus the tedious effort of measuring and reducing

experimental patterns.
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